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We realulate the beta funtions of higher derivative gravity in four dimensions using the one
loop approximation to an Exat Renormalization Group Equation. We reprodue the beta funtions
of the dimensionless ouplings that were known in the literature but we nd new terms for the beta
funtions of Newton's onstant and of the osmologial onstant. As a result, the theory appears to
be asymptotially safe at a nonGaussian Fixed Point, rather than perturbatively renormalizable
and asymptotially free.
PACS numbers: 04.60.-m, 11.10.Hi
It has been proven long ago that a generalization of
Einstein's theory ontaining four derivatives of the met-
ri is renormalizable in at spae perturbation theory [1℄.
It was then established in a series of papers [2-4℄ that the
dimensionless ouplings of this theory are asymptotially
free; the beta funtions of the dimensionful ouplings
(Newton's onstant G and the osmologial onstant Λ)
are gaugedependent, but the beta funtion of the di-
mensionless produt ΛG is not, and this variable has also
been laimed to be asymptotially free, justifying the use
of at spae perturbation theory. For a review of higher
derivative gravity see [5℄; for the state of the art see [6℄.
A perturbatively renormalizable and asymptotially free
Quantum Field Theory (QFT) holds to arbitrarily high
energy sales, and therefore this an be regarded as a
serious andidate for a fundamental theory of quantum
gravity. Unfortunately, it is not entirely free of prob-
lems. The most notorious issue is the apparent lak of
unitarity: the bare ation ontains massive negative
norm states (ghosts) at tree level. It was pointed out in
[2,7℄ that these ghosts may not orrespond to physial
partiles when quantum eets are taken into aount.
However, there exists to date no onvining proof that
this happens. Another, less wellknown problem is that
asymptoti freedom of ΛG requires the hoie of the un-
stable xed point -5.467 for the dimensionless oupling ω
of eq.(1) below, see [5℄. Pending progress on these issues,
higher derivative gravity does not seem to have gained
wide aeptane.
In a parallel development, it was observed that in order
to be preditive and to hold to arbitrarily high energies,
it is enough that a theory admits a Fixed Point (FP)
with a nite number of UVattrative diretions. This
behaviour is alled asymptoti safety [8℄. A perturba-





speial ase of asymptotially safe theory, where the FP
is the Gaussian FP (a free theory). More general asymp-
totially safe theories will be based on nontrivial FPs.
The hypothesis that gravity ould be asymptotially
safe has been investigated thoroughly within Einstein's
theory. The rst positive results were found in 2 + ǫ
dimensions [8,9℄; more reently, using an Exat Renor-
malization Group Equation (ERGE), the existene of a
nontrivial FP has been established in four dimensions
for a trunation of the ation ontaining the osmologi-
al and EinsteinHilbert terms [10,11℄, also in the pres-
ene of matter elds [12,13℄. Independent evidene omes
from Monte Carlo simulations [14,15℄. So far only partial
results are known for higherderivative terms [16,13℄.
The behaviour of Λ and G in this approah is quite dif-
ferent from the one predited in the literature on higher
derivative gravity. We have realulated the beta fun-
tions of higher derivative gravity, starting from a one
loop approximation of the ERGE. We nd some impor-
tant modiations in the beta funtions of Newton's on-
stant and of the osmologial onstant, in suh a way that
the theory appears to be asymptotially safe at a non-
trivial FP, rather than at the Gaussian FP. We report
here the main results; details will be given elsewhere.
A general (Eulidean) theory ontaining terms















where Z = 1/16πG, C2 is the square of Weyl's tensor,
E is the integrand in Euler's topologial invariant χ =∫
dx
√
gE. We neglet the total derivative ∇2R.
For a quantum treatment, this ation has to be sup-
plemented by the gaugexing term, whih is hosen to







where χν = ∇µhµν + β∇νh (all ovariant derivatives


























due to the fat that the gauge averaging operator Y de-
pends nontrivially on the metri. We follow earlier au-
thors in hoosing the gauge xing parameters α, β, γ and
δ in suh a way that the quadrati part of the ation is:










(4) = 12 +Vρλ∇ρ∇λ +U. For details of the
operators K, V and U we refer the reader to [6℄, whose
notation we mostly follow.
The main tool in deriving nonperturbative information
































where Γk is a oarsegrained eetive ation depending
on a momentum sale k and the kernelsRk at as infrared
utos.
In order to derive the beta funtions of the ouplings
Λ˜ = k−2Λ, G˜ = k2G, λ, ω and θ, we assume for Γk the
form (1) and insert it, together with the gaugexing and
ghost terms (2,3,4), into the ERGE. Then, to alulate















k (Y), where R
(n)
k (z) is a suitable pro-
le funtion hosen to suppress the propagation of eld
modes with momenta below k. We will use the soalled
optimized uto [18℄ R
(n)
k (z) = (ak
n−z)θ(akn−z), with
a = 1 unless otherwise stated.
We restrit ourselves to the oneloop approximation,
whih in the ontext of the ERGE onsists of taking into
aount only the expliit dependene of Rk(z) on k, ne-
gleting the impliit dependene due to the presene of
running ouplings in the uto funtion. (In the ase
of the EinsteinHilbert ation, where the r.h.s. of the
ERGE an be omputed exatly, it is known that this
approximation does not hange the general behaviour.)
The traes are expanded in integrals of powers of the ur-
vature using the heat kernel expansion oeients given
in [19℄. This proedure provides a logially and ompu-
tationally independent derivation of the beta funtions.
The beta funtions of the dimensionless ouplings ap-







βω = − 1
(4π)2









They agree with those alulated in dimensional regular-
ization [4-6℄. The oupling λ has the usual logarithmi
approah to asymptoti freedom, while the other two ou-
plings have the FP values ω∗ ≈ (−5.467,−0.0228) and
θ∗ ≈ 0.327. Of the two roots for ω, the rst turns out to
be UVrepulsive, so the seond has to be hosen [4-6℄.
The beta funtions of Λ˜ and G˜ are:





















3 + 26ω − 40ω2
12ω
λG˜− q(ω)G˜2 . (8b)
where q(ω) = (83+ 70ω+8ω2)/18π. The rst two terms in eah beta funtion exatly reprodue the results of








FIG. 1: The ow in the (Λ˜, G˜)plane
[4-6℄, the remaining ones are new. The origin of the
new terms an be easily understood: the old terms were
originally derived as oeients of 1/ǫ poles in dimen-
sional regularization, whih orrespond to logarithmi di-
vergenes in the eetive ation and in the heat kernel
expansion, whih we use, are given by the B4 oeient.
The new terms ome from the B2 and B0 oeients,
whih in a onventional alulation of the eetive ation
would orrespond to quadrati and quarti divergenes.
Dimensional regularization is illsuited to ompute these
terms. It is important to stress that our Wilsonian al-
ulation of the beta funtions does not require any UV
regularization. Then, the only ambiguity is in the hoie
of the uto funtions, but no reasonable hoie ould
remove the B2 and B0 terms.
To piture the ow of Λ˜ and G˜, we set the remaining
variables to their FP values ω = ω∗, θ = θ∗, and λ =
λ∗ = 0. Then, dening q∗ = q(ω∗) ≈ 1.440 the ow
equations (8) an be solved analytially:
Λ˜(t) =
(2πΛ˜0 − G˜0(1− e4t))e−2t





2− q∗G˜0(1 − e2t)
. (9b)
The resulting ow in the (Λ˜, G˜)plane is shown in
Fig.1. It has two FPs: the Gaussian FP at Λ˜ = G˜ = 0




≈ 0.221 , G˜∗ = 2
q∗
≈ 1.389 . (10)
The attrativity properties of these FPs are determined





( −2− q∗G˜ 2pi − q∗Λ˜
0 2− 2q∗G˜
)
At the Gaussian FP the eigenvalues ofM are (−2, 2); the
attrative eigenvetor points along the Λ˜ axis and the re-
pulsive eigenvetor has omponents (1, 2π). As expeted
on general grounds [8℄, the eigenvalues are the opposite
of the anonial dimensions of Λ and G. At the non
Gaussian FP the eigenvalues of M are (−4,−2) with the
same eigenvetors as before. The FP given by (10) is
UVattrative in all ve ouplings.
There is a ritial trajetory joining the Gaussian to
the non-Gaussian FP, whih is tangent to the repulsive
eigenvetor in the origin and is atually given by G˜(t) =
2πΛ˜(t) for all −∞ < t <∞.
From this alulation one an derive some physial pre-
ditions. The rst is the UVlimit of the osmologial
onstant in Plank units ΛG = Λ˜G˜, whih is well known
to be gaugeindependent and is also independent of the
uto parameter a. In ontrast to [2-6℄, we nd that ΛG
tends to the nite value 2/(πq2∗) ≈ 0.307. Of ourse this
is an asymptoti UV value and to ompare it with the
value whih is observed in osmology one would have to
run the RG down to extremely low values of k.
Another predition is the asymptoti value −2ω∗/3 ≈
0.0152 for the ratio between the oeients of R2 and
C2. It is interesting to observe that the ow indued
by a large number N of minimally oupled matter elds
gives for this ratio the value 5nS/(3nS +18nD +36nM ),
where nS , nD and nM are the numbers of salar, Dira
and gauge elds [13℄. This number is also quite small in
realisti unied theories. Thus both with and without
matter it seems that, in the UV limit, utuations of the
onformal tensor will be more suppressed than utua-
tions of the Rii tensor.
The ow that we nd here is almost idential to the
ow obtained in the large N limit [13℄, where the oe-
ients ω∗, θ∗ and q∗ are determined by nS , nD and nM .
A remarkable feature of the large N limit, in onjun-
tion with the use of optimized utos, is that all higher
powers of urvature are absent at the FP. This raises the
hope that asymptotially safe gravity may be desribable
by a nite number of terms in the ation (generially,
one would expet to have innitely many terms, with re-
lations between the oeients suh that only a nite
number of parameters is left arbitrary).
Our ow is also similar to the one obtained in the
EinsteinHilbert trunation [11℄, where, however, the
ritial exponents at the non-Gaussian FP are omplex,
resulting in a spiralling approah to the FP. This similar-
ity may be somewhat surprising, beause in the Einstein
Hilbert trunation the higher derivative terms are absent
while here they dominate the dynamis. To some extent
it an be understood by the following argument. In grav-
ity at low energies the ouplings do not run, and therefore
the relative importane of the terms in the ation an be
determined simply by ounting the number of derivatives
of the metri. For example, at low momenta p≪
√
Z (re-
all that Z is the square of the Plank mass), the terms
in the ation (1) with four derivatives are suppressed rel-
ative to the term with two derivatives by a fator p2/Z.
This is not the ase in the FP regime: if we onsider
4phenomena ourring at an energy sale p, then also the
ouplings should be evaluated at k ≈ p. If there is a
nontrivial FP, Z runs exatly as p2 and therefore both
terms are of order p4. This is just a restatement of the
fat that in the EinsteinHilbert trunation the graviton
has an anomalous dimension equal to two, making its
propagator behave like p−4 at high energy.
Partial results for the fourderivative ouplings, but
going beyond one loop, have been derived using the







gR2 = 384π2 and χ = 2, the
beta funtion of the ombination − ω3λ + 1192pi2 θλ an be
derived. In the absene of further input it is impossible
to disentangle the beta funtions of the individual ou-
plings. Nevertheless, this provides valuable information.
In partiular, sine a nite FPvalue was found for a
ombination of ouplings, this alulation suggests that
the asymptoti freedom of λ, λ/ω and λ/θ that we nd
here may be only a feature of the approximations that
we made, and that in a more aurate alulation some
or all of these oeients will reah nite values instead
of running logarithmially. One also expets, as in [16℄,
that the degeneray of the stability matrix is lifted and
that all ouplings are either relevant or irrelevant.
To summarize, we have found that higher derivative
gravity has a xed point with the following properties
at one loop: Λ˜ and G˜ are nonzero and UVrelevant,
while the ouplings of the terms quadrati in urvature
are asymptotially free and marginal. Experiene with
the EinsteinHilbert trunation suggests that the FP will
persist in the exat (as opposed to one loop) treatment,
up to a nite shift of the FPvalues of the ouplings, and
of the ritial exponents. The Gaussian FP is unstable:
even an innitesimal value for G˜ will generate a nonvan-
ishing Λ˜ and push the system towards the other FP.
Among other things, these results solve the seond of
the problems mentioned in the introdution. Conerning
the issue of unitarity, we an say, from our Wilsonian
point of view, that the presene of ghost poles at the
Plank sale has to be assessed by onsidering the ation
Γk for k ≈ mPlanck, whih is probably very dierent from
the FP ation. Thus, tree level analyses of the FP ation
are of little signiane, as already pointed out in [2,3,7℄.
In view of these results we think that higher derivative
gravity deserves renewed attention.
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